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1. Introduction

Consideration of long wavelength infrared radiation emitted by the

terrestrial atmosphere is important in application of remote sounding to the

atmosphere, treatment of the heat budget of the planet, and estimation of

background signal levels for target detection sensors. Direct modeling of

this radiation requires detailed consideration of the altitude distribution of

infrared active molecular species, the line shape and structure within

absorption bands, and, in the upper atmosphere, the population and loss

mechanisms of molecules in various vibrational-rotational levels. A

familiar operational computer code for performing such direct radiation

calculations is that due to Degges (1974). For many applications, the accuracy

of predictions based on models is not sufficient. Actual measured radiation

levels are required. On the other hand, such measurements are expensive,

difficult to obtain, and often not available for the desired observation geometry.

Under certain circumstances it is possible to scale radiation measurements

made for one observation geometry to another. Such a scaling transformation

is considered in this paper. In particular, the problem addressed is that of

determining the downwelling atmospheric radiation incident on an upsounding

sensor from the tangent-height profile of earth-limb radiation. The derivation

of the transformation is considered in Section 2. An important limitation of

the method is that it can be applied only under conditions where the atmosphere

is optically thin. Consideration of this limitation is made in Section 3.

Example applications of the transformation method are made for the 9. 6-pLm

03 and 15-ptm CO2 bands in Section 4.
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2. Theoretical Formulation

a. General transformation

The fundamental function describing the radiative characteristics

of a gaseous medium such as the atmosphere is the volume emission

coefficient J. This function describes the energy (e. g. , photons or joules)

emitted per unit time per unit volume of atmosphere. In general, J is a

function of position in the atmosphere and direction of emission. For the

present application, it will be assumed that J is a function only of altitude

above the earth' s surface (and not of geographic position on the earth' s surface)

and is isotropic. Also, 3 is, in general, a spectroscopic parameter.

In the present context, it is assumed that J is the mean value in some sensor

bandpass. In the development presented here, the spectral resolution of the

sensor is immaterial and may range from essentially monochromatic to

extremely wide band. Radiation emitted along some line of sight through the

atmosphere is determined as an integral of J along the line of sight. The

geometries relevant to the present problem are shown in Figs. la and 2a.

(Note that both altitude and tangent height are measured from earth center.

R is the earth radius.) Figure la illustrates the tangent viewing geometry

for limb scanning; z is the tangent height and N L(z) is the in-band radiance

emitted from the line of sight s at z. Figure lb is a qualitative representa-

tion of the profile of N L(z); H and H 0arethupeanlorlibsn

bounds. Figure 2a illustrates the upsounding viewing geometry. h is the

sensor altitude and 0 is the local zenith angle of observation; N U(h, 0) is the

radiance presented to the sensor. Figure 2b is a qualitative representation

of the profile N U(h) for some fixed 0. The limb scanning and upsounding

sensors are assumed to have the same bandpass and fields of view. In terms

of the volume emission function, the radiative transfer equations for these

two lines of sight are

5
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(a)

R

(b)

0 R H0  H

Fig. 1. Limb Scanning Geometry: a) Definition of
Geometry Parameters; b) Qualitative
Tangent Height Radiance Profile
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(a)

f = S

R h

NU1h,0 I

0 R H0  H

Fig. 2. Upsounding Geometry: a) Definition of
Geometry Parameters; b) Qualitative
Tangent Height Radiance Profile
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Hrdr
NL(z) = 2 5J(r) /rrz (1)

Lz (r 2 _zZ
and

H

Nu(h, ) = J(r) (2)

h ( r2 - h 2 s in2)

These equations are well-founded in the general theory of radiative transfer

in cylindrical geometry, but are based on three, as yet undiscussed,

assumptions. The first is that the fields of view of the two sensors are infini-

tesimally small. The second is that H is large enough for us to approxi-

mate J(r) = 0 for r 2 H. The third, and most important, is that the radiation

processes are occurring in the optically thin regime. This last assumption

is treated in Section 3.

Equations (1) and (2) form the basis of the development. The goal

is to relate Nu(h, 0) directly to NL(z). The method is the elimination of

J(r) between (1) and (2). Equation (1) is a form of Abel's integral

equation in which NL (z) is considered as a known function and J(r) is the

unknown function. The solution for 3(r) is given by the Abel transformation

H rdNL)]

J(r) = - - L(zj r2z  (3)

Substitution of this result into (2) yields

H H

Nu(h, 0) = 5 F(r,z)dzdr (4)

r=h z=r

8



where

F(r, z)= I dNL(Z) r
1T dz (Z r2)(r? h'sin2 e j (5

FIquation (4) is a simple area integral, and the order of integration over
r and z can be interchanged to give the equivalent integral

H z

Nu(h, 0) = J h F(r, z)drdz. (6)
z= h r=

Substitution of (5) into (6) yields

H z
I1 d N L )rd

Nu(h, 0) = - d-z ) rd h dz. (7)
h h z r  (r Z " hZsinZ

The inner integral is available in tables of standard integrals and gives

the result

H

IIdNLz 1 U
N u(h, 0) = - (h a- 1 Z)h dz. (8)

h r d 2 d 2

h

Finally, an integration by parts with u = tan [(z - h )/(h2 
- 2

and dv = dN L(z)/dz) dz yields the final transformation as

H

N u(h, 0) 1 w(h, 0, z)N L(z) dz (9)
h

where

w(h, 0, z) hcos 0 z " (10)

INN (Z. . 2 -- h .. sin 2II)-h



These two equations comprise the desired transformation. The upsounding

radiance profile N u(h, 0) is determined directly as a weighted integral

over the limb scanning profile NL(z). Example applications of this trans-

formation are given in Section 4.

The most significant feature of the transformation is that no reference

is made to the emission function J(r). If it were necessary for J(r) to be

known, it would either have to be calculated or measured. The difficulty of

calculating J(r) was discussed briefly in the introduction. Measurement

of J can be made by inversion analysis (Gille and House, 1971; Russell and

Drayson, 1972). For the optically thin case, (3) is the inversion. An

unavoidable aspect of such inversion analysis is the propagation of experi-

mental noise. For example, in (3), even the slightest of random fluctuations

(noise fluctuations, not structural variations) in the measured profile of

N L(z) can propagate through the inversion to yield extremely noisy results

for J(r). Great care and some form of data smoothing is generally required

to perform meaningful inversions. The principal source of noise amplifi-

cation in the inversion of (3) is the need to consider the derivative of NL(z).

In the transformation procedure considered here, this derivative is eliminated

in the final integration by parts leading to (9). [Note: an integration by parts

cannot be used to eliminate the derivative in (3) 1.

The weighting function w(h, 0, z) is shown in Fig. 3 for two zenith

angles. The important feature to note is that the upsounding radiance at

altitude h is determined primarily by the magnitude of the limb profile in

the vicinity of z = h. In fact, as 0 - ir/ 2 , w(h, 0, z) approaches a delta

function and yields the obvious result Nu(h, w /2) = , NL(h).

10
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b. Numerical quadrature

In general, the transformation (9) must be carried out by numerical

quadrature. The method used here consists of a simple discretization of

the z and h axes into N zones by

z, h = zl, z, . . . N+ (ll)

where z1 < z <... <Z+ z =Ho, and ZN+ =H and the assumption

that NL(z) varies linearly between grid points

NL(z) = a i + Biz

oi - NL(i) - Pizi (12)

P NL(i + 1) - NL(i)

where A. Zi " Zl" Substitution of (11) and (12) into (9) yields

N

Nui10) hcosOS'oF +F Gi (13)

i=j

where

zi+l

F. S Z d
z i (Z 2 - h 2sin2e) (z2 - h2)'

and z

Gi =z dz.
z.i (Z 2 - h 2 sin 2 ) ( z2 - k 2) *

These two integrals can be worked out using tables of standard integrals

to give

12



F =fi+l f "

whe re

I hcosO t'" { o (14)

and

G. = g gi

where

I z ~h + z.sinOj h -z.sinO

i M=y zi (z' - h +21 +stanO [sin + j - insij (15)

Substitution of (14) and (15) into (13) and a collection of terms on

NL(Zi) yields the final quadrature formula

N+I

Nu(J, 0) hcosO iNL(i)

i=j

where

Yi 6- f (I +_zo 91+ g.)I

S(1- Ii (fi+1 fi A (

+ ('l ij i 1 g -z ( 1 - 1~j

and where 6 m 0 ifn m and 1 ifn =m.
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c. Exponential approximation

In an isothermal, exponential pressure atmosphere with a constant

species mixing ratio, the source function is of the form J(r) - J0 exp(-r/cr)

where a is the exponential pressure scale height. Use of this form in

(1) gives (with H- oo)

NL(Z) = ZJ 0 z Kl(z/a) (17)

where K1 is the modified Bessel function of order 1. The argument

z/a of K1 is large (since z aR " 6371km and - 7km), and the

asymptotic limit of K 1 can be used to obtain

NL(Z) J 30 (2 n az)i e .  (18)

The tangent height variation predicted by (18) is very nearly exponential

(with the same scale height as J) since the preexponential variation with

z is very small within the atmosphere (i. e., 0 -z' = z - R t 500km). A

very nearly exponential fall of NL(z) above z - R 150 km is a common

prediction of the Degges model.

If an exponential profile is assumed for NL(z), then a very simple

approximate transformation can be derived from the general transformation

of (9). Let

NL(z) = N o e z/a(19)

14A
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with H - o. Substitution of this profile into (9) and the change of

variable

Y, z (20)

yields

Nu(h, 0) N o cos expr-(h!a')(l +X )*L dx. (21)
Tr J x + Cos o

0

For typical Wr, h/a >> 1 and the integrand of (21) is very sharply

peaked about X = 0. Most of the contribution to the integral will come

from regions where X is small. To a high degree of accuracy, then,

the argument function ( + Y)* may be replaced with 1 + X2/2. Doing so,

and evaluating the resulting standard integral yields

Nu(h, e) I NL(h) f([) (22)

whe re

( )=_e 2 £1 - erf(p)J,

S (7)hCos 0

ii



and where (19) has been used to express the final result in terms of

NL(h). Note that the approximation has combined the two independent

parameters h and 0 into the single parameter P. In the limit P -' 0

(e.g., 0 " ir/2), f(p) -- 1 and Nu(h) -. * NL(h), which is the correct result.

In the limit 0oO (eg. , h/y large and 0e- 0), f(I)-I/PIi and

Nu(h)" NL(h)/ (2 7 h/at')* cos 0).

This approximation is useful even if the limb profile is not exactly

exponential, particularly for e near ?r/2. A qualitative measure of the

extent of tangent height over which NL would have to be reasonably

exponential in order for the approximation to apply is the half width of the

weighting function cos 0/(X 2+ cos 20). This width is = cos 0. The

corresponding width in z about h is

Az h[(1 +co~ j h 23
(23)

Az is tabulated in Table I for 0 &O C 2. As 0 approaches W/2, the

altitude region over which NL would have to be exponential in order for

the approximation to apply becomes small. The accuracy of the approxi-

mation for the worst case of application, that is, 0 = 0, is illustrated in

Section 4.

16



Table 1. Width Around h Over Which N L Should Be
Approximately Exponential for Eq. (22)To Apply.

0(degrees) Az(km)

0 2680

30 2089

60 763

70 368

80 97

85 25

87 9

89 1

90 0

17



3. Optical Thinness

The transformation of limb data to upsounding data requires the

assumption that the atmosphere is optically thin in the sensor bandpass

for the lowest tangent height scanned. The most extreme criterion for

thinness is that the absorptance over the tangent line of sight at the center

of the strongest spectral line in the bandpass be small (a c O. 1 or 'r c O. 9).

For a tangent height z, the center line absorptance is

ec I - exp -2 c(r) p(r) ko(r ) r (24)
Cz {-J~)(r z

where c is mole fraction of active species, p is total atmospheric pressure, and

k is the absorption coefficient at the line center, which for a general Voigt

line is

ko(r) = S S(r) KO [a(r)] (25)0 (1D7(r)

where

2

K0 (a) e [1 e erf(a) (26)

19
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a(r) - (On 2)i ZL~2.. (27)
YD(r)

and

YL(r) = y,0 p(r) . (28)

S(r), y L(r) and y D(r) are, respectively, the line strength, the pressure

broadening (Lorentz) component of the line width, and the Doppler broaden-

ing component of the line width. Near the centers of the strong molecular

absorption bands, the line strengths are reasonably independent of tempera-

ture (and thus of altitude) and we take S(r) -S. Also assume c(r) I c and

YD(r) 0 D . Then, for an exponential pressure atmosphere

p(r) = poe (rR)/ (29)

with scale height cr, the absorptance at tangent height z can be expressed

by

C(c) ( )exp -c Sol-- (30)

where 0 = z/c and

2O



IF(, = fe, ) I a0 e (0) 31)

with

a0  'Y D0

p = r/z, and Po = RWt. F was evaluated numerically with R = 6371 km,

a = 6.65ikm, P0 = 1 atm, yo = 0.08cm I/atmand YD = 0.0005 cm-

(thus a 0 = 133 and P0 = 958). The result is shown in Fig. 4. Also shown

is the function FD(z) that would obtain for a pure Doppler line. This latter

case is obtained from (31) in the limit a0 - 0 and is

FD(P) = 3 e (= P eO KI (P) (32)
1 Z 1

where K1 is the modified Bessel function of order 1. Since 0 is large

(P t P0 = 958), asymptotic limit K, (x) " (ir/Zx) e'X can be used to

obtain

FD (3) = (rp/Z)'e . (33)

The comparison in Fig. 4 confirms the well-known result that, for all

practical purposes, a purely Doppler line shape can be assumed for altitudes

above - 50km.

Equation (30) holds for an isolated line. The most dense crowding of

spectral lines occurs in the Q branch of the 15-kLm CO 2 band. To a good

21
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appreximation, the line spacing in the Q branch is given by

(2J + 1) (B -B ) (34)

where J is the rotational quantum number and B and B are the rotational

constants of the upper and lower vibrational levels, respectively. The most
, 0-4 -1dense crowding occurs at J = 0, and with B - B = 10.2 x 10 cm

(Kaplan and Eggers, 1956), (34) yields

-16  n 0.001 cm-mnin"

-1The Doppler line width is YD 0. 0005 cm and is half this worst estimate

of line spacing. The Lorentz half width is

~L~0~0 -(z-R) icr_YL -" ¥0 PO e

With -0 = 0.08 cm'l p0 = 1 atm,and a= 6.65km, the Lorentz width will be
smaller than 6in for altitudes z-Rb 29km. Thus, the assumption of

isolated lines even in the Q branch is justified for altitudes above - 30 km.

The line center absorptance oc was computed for each of the major
absorbing atmospheric species. These species and the locations of their

absorption bands are tabulated in Table 2. Within each band, the strongest

line was located by searching the AFGL line atlas (McClatchey etal., 1973).

This strength and the location v of the line are also listed in Table II. An

estimate of the likely maximum value of species concentration near 100km

altitude is also given in the table (Degges, 1974). From these data, the

minimum altitudes for which oC !G 0. 1 were computed and are listed in theC!

final column of the table. A plot of TC = I - yC versus z = z-R for

CO 2 is shown in Fig. 5. Except for the CO 2 band, the minimum altitudes

are -100 + 10km. For CO 2 , the altitude is somewhat higher, at about 135km.

j23



Table 2. Maximum Line Strength and Concentration for
Important Atmospheric Absorption Band
(5 to 20 iLrm)

sp.*c w S. 1 nd l Afii S (c-- zlatn at 296 K) (Cmyl I c (niolt. frain z m.. (k m)
ma. at =100km m

1110 1 7.94 1685 3 (-01 108

('114 7. 7 1. 83 1331 3 1 -61 91

N0 C).8 4. 36 1 Z98 1 (-fi) JOI

01 ~ 6 0.99 1053 2 (-6) 91

co0, 7.69 t,67. 7 2(-41 136

24
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Fig. 5. Line Center Absorptance and Optical Thinness
Parameter p for 15-urm CO 2 Band
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Because of the number of assumptions made in the derivation of (30)

and because of the quality of data (particularly c and ot) used, these altitude

results should be viewed only as rough upper estimates of the minimum

altitude at which optical thinness obtains. For example, results obtained

with the Degges code for the 13- to 16- m CO2 bandpass (see next section)

indicate that optical thinness prevails at lower altitudes. Under optically thin

conditions, the "upsounding" radiance at e T/ 2 should be exactly half the

limb radiance, and the function

2Nu(z, Tr/Z)

p= NLz) (35)

should be unity. The function actually deduced from the code calculations is

shown in Fig. 5 and displays optical thinness (i. e., p > 0. 9) down to z = 225km.

In summary, near the centers of strong absorption bands the transfor-

mation method should not be applied for tangent heights lower than z' 100km.

26



4. Example Application

Synthetic limb radiance profiles for z z 100 km were generated with
the Deggs code for CO 2 in the 13- to 16-Rm bandpass and for 03 in the

9- to 10-iLm bandpass. The CO 2 profile is shown in Fig. 6 for both

nighttime and daytime conditions. Upsounding profiles for 0 = 0, 60, 80

and 900 were also computed with the code for the nighttime condition and

are shown in Fig. 7. Results of the application of the numerical transforma-

tion and the exponential approximation to the night limb profile are shown in

Fig. 8 for 0= 00. Except in the region from 100 to - 130km, the numerical

transform reproduces the model prediction exactly. The discrepancy below

130km is a result of the violation of the assumption of optical thinness explicit

in the formulation of the transformation. For other zenith angles, the agree-

ment between the code and numerical transform predictions is similar. The

agreement for 8 = 00 between the code prediction and the exponential profile

approximation is essentially exact for altitudes above 300km. This is to be

expected since above this tangent height, the fall-off of the limb profile

(Fig. 6) is almost exactly exponential. The error of the approximation is

greatest (not counting the error due to the violation of the assumption of

optical thinness) at 130km and amounts to - 16%. The case 0=00 is the

worst condition of application of the exponential approximation, and the maxi-

mum error decreases monotonically to zero as 8 goes to 900.

Comparisons between code predictions and transformation results for

03 are shown in Figs. 9-11. The atmosphere is optically thin down to about

90km in this spectral region, and the agreement between the code prediction

and the numerical transformation result is essentially exact for all altitudes

and zenith angles (see Fig. 11 for 0 = 00). Below and above the sharp transition

in the limb profile (Fig. 9) at 120km, the exponential approximation is also

quite accurate. In the transition region, however, the exponential profile

approximation underestimates the upsounding profile by as much as a factor

of two.

27IJ
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LABORATORY OPERATIONS

The Laboratory Operations of The Aerospace Corporation is conducting

experimental and theoretical investigations necessary for the evaluation and

application of scientific advances to ana military concepts and systems. Ver-

satility and flexibility have been developed to a high degree by the laborato-

ry personnel in dealing with the many problems encountered in the Nation's

rapidly developing space systems. Expertise in the latest scientific develop-

"nte is vital to the accomplishment of tasks related to these problems. The

laboratories that contribute to this ressarch are:

Aerophysics Laboratory: Aerodynamics; fluid dynamics; plasmadynamics;
chemical kinetics; engineering mechanics; flight dynamics; heat transfer;
high-pousr gas lasers, continuous and pulsed, 11, visible, UV; laser physics;
laser resonator optics; laser effects ad countermeasures. 1

Chemistry and Physics Laboratory: Atmospheric reactions and optical back-
grounds; radiative transfer sad atmospheric transaission; thermal and state-
specific reaction rates in rocket plumes; chemical thermodynamics and propul-
slon chmistry; laser Isotope soprstlom; chamistry ad physics of particles;
space environmental and contamimation effects on spacecraft materials; lubrica-
tion; surface chemistry of insulators sad conductors; cathode materials; sen-
sor matariala and sensor optics; applied laser spectroscopy; atomic frequency
standarsa pollution and toxic nterIAla monitoring.

lectrnnlca Research Laboratory: Blactromagumtic thaory and propagation
phenomena; micrmve ad soicoadctor devices and integrated circuits; quan-
tum electronics, lasers, snd electre-optica; coamuication sciences, applied
electronics, superconducting sad electroae device physical millimter-ave
and far-infrared techaology.

Hateriala Sciemcs Laberatggu: Dsvelopmat of am materials; composite
materials; gaphite ad ceramies; polmrUi mterials wapon effects and
hardened materiala; materials for electremic devices; dimensionally stable
materials; chemical and structural amlyses; stress corrosion; fatigue of
metals.

e Sc o a : Atmospheric and iosepheric physics, radia-
tion fro the atsphera, deesity and cempeeftiem of the atmophere, aurorae
and airgow; -macntospbric physics. comie rays, generation and propagation
of plasm maves in the magntosplhre; solar physics., -ray astronomy; the effects
of uclear exploim, magnetie stei m, a slar ctivity on the earth's
atmosphere, iomosphere, ead maetophere; the effects of optical, electromag-
netic, ad particulate radiations n spaw em space System.
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